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Optimum Power-Limited Orbit Transfer in Strong
Gravity Fields

THEODORE N. EDELBAUM*
United Aircraft Corporation, East Hartford, Conn.

Analytic solutions are obtained for optimum transfer between arbitrary coplanar or co-
axial ellipses in strong central gravitational fields. Fuel consumption is minimized for fixed
transfer times with power-limited propulsion. The first-order secular solution obtained is
valid only if many revolutions are made about the primary body during the transfer. The
necessary conditions of Euler, Weierstrass, and Jacobi are satisfied so that the solutions
actually furnish a local minimum. Multiple solutions are obtained for large changes in in-
clination or argument of perigee. The analysis shows which of these solutions furnishes an
absolute minimum. It is found that all extremals violate the Jacobi condition and cease to
be minimizing solutions if they are followed far enough.

Nomenclature

a = semimajor axis
e = eccentricity
K = gravitational constant
i = inclination of orbit plane
fco, ki, fc2 = constants of integration
s = dummy integration variable
U = variable defined by Eq. (32)
u = characteristic velocity
6 - function defined by Eq. (24)
0! = small rotation of major axis in orbit plane
02 = small rotation of orbit plane around major axis
03 = small rotation of orbit plane around latus rectum
0i(r), 0z(r) = solutions of Jacobi's differential equation
T = variable defined by Eq. (21)

<f> = arc-sine of the eccentricity
^ = variable defined by Eq. (13)
Q = longitude of the ascending node
a? = argument of perigee

Introduction

THE present paper is one of the series of papers1"5 con-
taining analytic solutions for optimum power-limited

trajectories in inverse-square force fields. The previous
papers in this series have utilized two different approxima-
tions. The first approximation, which is used in this paper, is
that the transfer time is long compared to the period of an
elliptic orbit. The papers with this assumption have con-
sidered transfer between inclined circular orbits,1 escape from
elliptic orbits,2 and transfer between coplanar circular and
elliptic orbits.3 The second approximation has been that
changes in all the elements are small so that transfer is made
to a neighboring orbit. The papers utilizing this approxi-
mation have considered transfer between neighboring cir-
cular orbits4 and transfer and rendezvous between neighboring
elliptic orbits.5

The propulsion system that effects the changes of the
elliptic orbit is assumed to be power limited, i.e., it operates
at constant exhaust power with a thrust magnitude inversely
proportional to the exhaust velocity.6-7 The direction and
magnitude of the thrust, both of which are assumed to be
completely variable, is to be determined as a function of
time so as to minimize the fuel consumption for a fixed
total transfer time.
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There have been a number of previous studies of trajectory
optimization for power-limited propulsion systems. Some
of the more important studies are contained in Refs. 6-14
Most of these studies are concerned with numerical results
for inverse-square force fields.6""12 Reference 13 reports
analytic solutions for optimum trajectories in field-free
space, whereas Ref. 14 contains analytic solutions for the
optimum thrust programs for small changes of five elements
of an elliptic orbit in an inverse-square field. Reference £
determines the effect of these optimum thrust programs upor
the elements of the orbit and determines the minimum fue
consumption for small changes in all the elements of elliptic
orbits. The present paper extends the analysis of Ref. £
to determine fuel requirements for large changes in severa
of the elements of elliptic orbits with the approximation thai
these changes are made slowly. In particular, the genera
coplanar and coaxial transfers between elliptic orbits is deter
mined in the first approximation.

The method of averaging used in the present paper is alsc
utilized in Refs. 1-3. It falls into the category that Bogo
liubov and Mitropolsky15 call the method of rapidly-rotating
phase. The evaluation is carried out only as far as the first-
order secular terms, although these terms can be combinec
with the first-order periodic terms derived in Ref. 5 to pro
duce an improved first approximation. In Ref. 16, Iszal
has recently pointed out that the method of rapidly-rotating
phase is equivalent to the Von Zeipel method used in celestia
mechanics.17

Analysis

Reference 5 contains a derivation of both the secular am
periodic terms for small changes in elliptic orbits and an ex
plicit expression for the minimum fuel consumption consider
ing only the secular terms. This expression, given in Eq
(1), is the starting point of the present paper:

74?' + ?^+ 2
\4a2 5 1 + 5 cot2</>

9
A<92

2-
1 + 5 tan2<£ a:

where
A0i = Aco + AO cost

A 02 = At cos co + A12 sim sin to

A03 = — At sinco + A12 sim cosco

<p === sin"1^

The variable u is essentially a characteristic velocity. I
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represents the maximum velocity that could be obtained in
field-free space in the same time with the same propulsion
system and fuel consumption. In Ref. 3 it was shown that,
for long-time transfers, minimizing u is equivalent to minimiz-
ing the fuel consumption and that during such transfers
the average value of the square of the optimum thrust ac-
celeration remains constant. The three variables 0i, 6%,
and 03 represent small orthogonal rotations around the polar
axis of the orbit, around the major axis of the orbit, and
around the latus rectum of the orbit. Their equivalent ex-
pressions in terms of the conventional Euler angles are shown
following Eq. (1). The variable 0, a variable used by
Plummer,18 is the arc sine of the eccentricity.

The variational problem is formulated in Eq. (2) as a
problem of simplest type in parametric form. The inde-
pendent variable s is merely a dummy variable of integra-
tion. The dots indicate differentiation with respect to s:

C (K\i*( a*
U = J \~a) (^

202
2

1 + 5 tan2<£
• V/2 C

+ 20s2J ds = J f ( y , y)ds (2)

This problem could be interpreted geometrically as a prob-
lem of minimum arc length in a five-dimensional phase
space. Because the optimum thrust programs for changing
each of the five elements of the orbit produce no secular
changes in the other four elements, there are no cross-product
terms in Eq. (2), and the phase space is an orthogonal phase
space. The first necessary condition for a minimum in this
problem is the Euler-Lagrange equation:

(d/ds)fyi - fyi = 0 (3)

A first integral of Eq. (3) may be found by noting that the
same power of the semimajor axis appears in all but the first
term under the second square root sign in Eq. (2). This
feature allows the definition of a new payoff variable with
Eq. (4):

l/2

5tan20 ' "V . (4)

In terms of this variable, Eq. (2) may be rewritten as follows:

K . \1/2

' ' " X ds (5)

(6)

Equation (6) may be integrated once to yield Eq. (7), where
k0 is a constant of integration, and a0 is the initial value of

The Euler-Lagrange equation for Eq. (5) is given by,

, DEG.

Fig. 1 Extremals and payoff curves for changes in the
major axis.

the semimajor axis:

<A = a/[(8)1/2(aa0 csc2&o - a2)1/2]
Equation (7) may then be integrated to yield,

a/a0 = si

(7)

i2/c0 (8)

the equation of the extremals, and Eq. (8) may be substi-
tuted back into Eq. (5) and integrated to yield the value of
the payoff as follows-:

u = (K/oo)1/2 [sin (2)ll 2 \f//sm (2)! /2 \f/. + kQ) ] (9)
It is possible to eliminate the value of &o between Eqs. (8)
and (9) and to solve directly for the fuel consumption required
for any transfer:

Equations (8) and (9) are plotted in Fig. 1, which shows
the extremals and the transversals (the constant payoff
lines) for this problem. Each extremal is characterized by
its value of the constant k0. If only \f/ is to be changed, the
trajectory becomes first larger and then smaller because it is
easier to change \}s when the orbit is larger.

Equations (8-10) represent a complete solution for the
problems considered in Refs. 1 and 3. The problem of
Ref. 1 corresponds to the definitions given in Eq. (11), and
the problem of Ref. 3 corresponds to the definitions given in
Eq.(12):

0 =E 0 w = 0 0 = 0 $ = i (11)

co = 0 O E E E E O i = Q ^ = ^/(S)1/2 (12)

The first integral of the problem given by Eq. (10) reduces
the general five-dimensional problem to the four-dimensional
problem given by Eq. (13) with a new payoff variable \f/:

+ 5 cot2* 1 + 5
l

(13)
The solution of this general four-dimensional problem is
quite difficult and is not attempted here. Instead, two
two-dimensional problems are solved: the coplanar problem
given by Eq. (14) and the coaxial problem given by Eq. (15) :

C /
MJ \T+ i . E5 1 + 5

/2
ds = 0 = 0 (14)

1/2

These two problems can be transformed into each other by
means o f the following transformation :

Coplanar
a

4>
0)

i = 0

Coaxial
a

0 - r/2
i

co = 0
(16)

These two problems are completely equivalent, and it is only
necessary to solve one of them to obtain the solution of both.
Since some choice must be made, the coplanar problem will
be the one solved in detail. The Euler-Lagrange equation
of this problem is given by Eq. (17):

ds = 0 (17)
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Its first integral is given in Eq. (18) with ki being a constant
of integration:

1 + 5 cot20
5(cot2/bi - cot20)] r,0 (18)

Equation (18) may then be integrated to yield Eq. (19),
where fe is a second constant of integration:

7 Ycot0\ 4 . cos0 ._.co = fe + cos"1 —-~ — - smfe cos"1 —r (19)VcotAji/ 5 -~~ 7 -
Substituting Eq. (19) back into Eq. (14) and integrating, Eq.
(20) may be obtained:

4cos2fa)1/2 Ycos0\
- —— — c s - M — ~cos ~\cosfe / (20)

The Euler-Lagrange equations are only one of several
necessary conditions for a minimization of the integral of
Eq. (14). A second necessary condition, that of Jacobi, is
now investigated. For this investigation, it is convenient
to define a new variable r by Eq. (21):

r == (^ - fo) [5/(l + 4 (21)
In terms of this variable Eqs. (19) and (20) become a para-
metric representation of the solution given by Eqs. (22) and
(23):

co = /(r, ki, fe) = kz + tan"~1(tanr cscfe) — fr sinfe (22)

cos0 = g(r, ki, fe) = cosfe COST (23)

Jacobi' s condition is stated in terms of the solution of a cer-
tain differential equation, Jacobi's equation.19 In Ref. 19
it is shown that solutions of this equation [#i(r), #2(7-)] may
be found by simply differentiating the solutions of the
Euler-Lagrange equation [Eq. (24)]. The Jacobi condition
may then be stated; the 9 function of Eq. (25) does not van-
ish along the trajectory of interest (Eq. 26) :

02(r) = gr(r)fkz(r) - /r(r)^2(r) (24)

0(r, TO) = 0i(r)02(r0) - 02(r)0i(r0) (25)

0(r, TO) ^ 0 TO < r < n (26)

For the present problem Eq. (24) may be written explicitly
as Eq. (27) and the 6 function becomes Eq. (28) :

ft(r) = cosr(l - | sin2/ci) + fr sinr cos2fe

02 (r) = — cosfci sinr (27)

6 = (1 - | sin2fe) sin(r - r0) -
' f cos2fa(r — TO) sinr sinr0 (28)

The first point at which this equation vanishes after the initial
point of an extremal is called a conjugate point. A conjugate
point may be interpreted geometrically as the first point of
tangency of an extremal with an envelope of extremals. It
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Fig. 3 Extremals and payoff curves for coplanar transfer
with 0o = 90°.

is shown in Ref. 19 that an extremal ceases to be a minimizing
solution at a conjugate point.

Every extremal of the present problem has a conjugate
point corresponding to a root of Eq. (28). The character
of the extremals and the conjugate points may be seen from
Fig. 2. This figure is a plot of the argument of perigee vs
the arc sine of the eccentricity and shows three extremals
A, B, and C. The dotted lines represent the envelope of the
extremals and correspond to the boundary between the
region where there is only one extremal through a given point
from the initial point and the region where there is more
than one such extremal. If extremal A is followed from its
initial point, zero, it first enters the region of multiple solu-
tions when it crosses the envelope at point 1. At point 2,
extremal A has the same payoff \p as does extremal C. Up
to point 2, extremal A is not only a local minimum but is also
the absolute minimum solution to any point along its path.
Between points 2 and 3, extremal A is still a local minimum
but there are other extremals that provide lower values of
^. At point 3, extremal A first becomes tangent to the
envelope of the extremals and has a conjugate point. Beyond
this point, extremal A ceases to be a minimizing solution, and
better trajectories may be found in the neighborhood of A.

Extremal B is a critical extremal that divides the phase
space into two sets of extremals. For extremal B, points
1, 2, and 3 coincide, and the conjugate point occurs where
extremal B ceases to become both an absolute minimum and
a local minimum. The root of Eq. (28) for this critical ex-
tremal is given by the expressions of Eq. (29).

r0 = 0° r = 180°

01 = 7T ~ 00
(29)

The complete family of extremals and transversals given
by Eqs. (19) and (20) is plotted in Figs. 3-5 for values of
0o of 90°, 45°, and 0°. For the 90° case shown in Fig.
3, the initial orbit is a unit-eccentricity ellipse, a straight
line of finite length. The values of 0 less than 90° cor-
respond to elliptic orbits having one sense of rotation, while
the values of 0 greater than 90° correspond to elliptic orbits

DEG
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Fig. 2 Structure of the extremals for <f>o = 45°.
Fig. 4 Extremals and payoff curves for coplanar transfer

with 0o = 45°.
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Fig. 5 Extremals and payoff curves for coplanar transfer
in the degenerate case </>o = 0°.

having the other sense of rotation. For this case, the prob-
lem and consequently Fig. 3 are completely symmetrical.
Once again the first envelope of the extremals is shown by
the two dotted lines. The particular case in which the final
orbit is also of unit eccentricity provides a good illustration
of the significance of the conjugate point. For changes in
the argument of perigee of less than 36°, the optimum
transfer orbits remain of unit eccentricity, and the optimum
trajectory in the co, <j> phase plane is a vertical line. Above
36° this critical extremal has a conjugate point, and the
optimum transfer involves orbits that first decrease their
eccentricity and then increase it. The maximum decrease
in eccentricity is a function of the total rotation of the major
axis. For the particular case where the rotation angle is 180°
so that the orbit faces in the other direction, the eccentricity
of the transfer orbit decreases to zero.

The coaxial problem corresponding to this coplanar prob-
lem is the more practical problem of transfer between in-
clined circular orbits. When the angle between the initial
and final orbits is less than 36°, the intermediate orbits
remain circular and the solution given in Ref. 1 may be used.
When this angle is greater than 36°, the optimum inter-
mediate orbits become elliptical and the solutions of the
present paper should be used.

Figure 4 shows similar results for an initial value of </> of
45°. As can be seen, these trajectories are merely a dis-
tortion of the trajectories shown in Fig. 3, and their general
properties remain the same. Finally, Fig. 5 shows the case
for 4>Q equal to 0° where the initial orbit is circular. In
this case the optimum trajectory always corresponds to rotat-
ing the major axis through the appropriate angle first and
then increasing the eccentricity to the desired value. Here,
both the extremals and the transversals are straight lines.

In order to show that the solutions obtained actually do
minimize the payoff, it is still necessary to consider the
Weierstrass and Legendre conditions. A particularly simple
form of the Weierstrass condition given in Ref. 19 is as follows:

1

5(1 + 5 cot2<£) ^ 1 + 5 cot 2<£

;> (30)

If the FI function is always greater than zero for bounded
values of <j> and o>, the Weierstrass condition is satisfied in the
strong form. It can be seen that this condition will always
be satisfied in the strong form as long as </> is not zero. When
<j> is equal to zero, FI is equal to zero, and the Weierstrass
condition is satisfied only in its weak form. The satisfaction
of the Weierstrass condition automatically satisfies the
weaker condition of Legendre.

The satisfaction of the four necessary conditions including
the Weierstrass condition in its strong form is sufficient19 for a
local minimum of the solutions obtained to the coplanar
problem given by Eq. (14). It still remains to prove suffi-
ciency for the problem of Eq. (5). The fact that this particu-

lar three-dimensional problem can be broken down into two
two-dimensional problems is an appreciable simplification due
to the cylindrical nature of the phase space. The Weier-
strass condition for the variational problem of Eq. (5) is
given by Eq. (31) and is seen to be satisfied in the strong form
as long as the major axis does not become infinite:

> 0 (3D

Finally, to prove sufficiency for the extremals that solve
Eq. (4), it is still necessary to check the Jacobi condition.
This is done by defining a new independent variable with
Eq. (32) and rewriting Eqs. (8) and (9) as Eq. (33):

a = f ( U , 1 - 2U cos&o + U2

(32)

(33)

= g(U, a0, fco) •=
U si

1 — U cos&o

The two solutions of Jacobi's equation derived from Eqs.
(33) are given by Eqs. (34) and finally the 0 function is given
byEq. (35):

Oi(U) = (I - U cos&0)2(l - 2U cos/bo +

(1 - U cosA:0)2(l - 2U cosfe + U2)

0 = (I - U cos&0)2(l - 2U cos&o +

(34)

(35)

It is readily seen that Eq. (35) can have no zeros for any value
of U greater than UQ so that the extremals of this problem
can never have a conjugate point. The extremals given
by Eqs. (8) and (9) actually minimize Eq. (5).

In summary, this paper has considered the first-order
secular solution for the optimum power-limited transfer
between elliptic orbits. A new first integral of the general
five-dimensional problem has been found which reduces it to
a four-dimensional problem. The particular cases of co-
planar and coaxial elliptic orbits have been solved in detail.
The minimizing extremal to every point in the phase plane has
been identified and the sufficiency of these solutions has been
established. It has also been shown that every extremal has
a conjugate point if followed far enough.
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Quadratic and Higher-Order Feedback Gains
for Control of Nonlinear Systems

ANDREW H. JAZWINSKI*
Martin Company, Baltimore} Md.

The problem of controlling a nonlinear system optimally in the presence of deterministic
disturbances is treated. In particular, optimal feedback control in the vicinity of an optimal
nominal trajectory is sought. The control law is to preserve the optimality of the nominal
path and provide terminal control to the nominal end point defined by hard constraints on
functions of the terminal state. A method of obtaining approximations of any order to such
a nonlinear optimal feedback control law is presented. Linear differential equations for the
linear and quadratic feedback gains are explicitly given. The equations for the linear gains
are homogeneous, whereas those for higher-order gains are nonhomogeneous. The forcing
terms are functions of the gains of the next lower order. Closed-form expressions for the
linear and quadratic gains for a simple intercept problem and their simulations are pre-
sented. The addition of quadratic gains to the linear control approximation generally results
in improved control.

I. Introduction and Summary

MOST methods developed to date for the solution of non-
linear optimal feedback control problems are based on

linearization about some reference trajectory of the basic
nonlinear system. As such, they provide a linear feedback
control law valid for small deviations from 'the reference
trajectory. Such methods include the work of Kalman,1
and Bryson and Denham.2 Although Kalman considered the
linear control problem, his results are applicable to the
linearized motion about a reference trajectory of a nonlinear
system. In the works just mentioned, the reference tra-
jectory is arbitrary and need not be optimal in any sense.

A different approach was taken by Kelley,3 Breakwell,
Speyer, and Bryson,4 Dreyfus5 and this author.6 These
investigators obtained the linear feedback gains for what
may be termed neighboring -extremal control. Here the
reference trajectory of the basic nonlinear system is optimal,
and the linear control law is optimal in the same sense to a
first approximation.
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Recently, Silber7 developed a control scheme, in which the
Lagrange multipliers are considered as control parameters,
and obtained differential equations for the coefficients in the
Taylor series expansion of the Lagrange multipliers as func-
tions of the state. This permits a high-order approximation
to neighboring extremals. Kushner8 treats the stochastic
optimal feedback control problem and presents a method of
determining high-order corrections to the optimal determin-
istic control in the presence of stochastic disturbances.

In the present work we assume that the state of the non-
linear system can be measured exactly. Deviations in the
state from an optimal nominal state are taken as the feed-
back information. We develop a high-order approximation
to the nonlinear optimal feedback control law in the vicinity
of an optimal nominal trajectory, which is a solution of the
Mayer problem in variational calculus. The control scheme
is a neighboring extremal control scheme in that it provides
terminal control and, in the presence of disturbances, en-
ables the system to follow trajectories that are approximately
optimal in the same sense as the nominal trajectory to any
order. Differential equations for the linear and quadratic
optimal feedback gains are explicitly given. Computational
aspects associated with these equations will be treated in a
subsequent paper. The linear feedback gains are identical
to those developed in Refs. 3-6.

Closed-form expressions for the linear and quadratic opti-
mal feedback control gains for a simple intercept problem are


